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In this article, we revisit Johnson and Jackson boundary conditions for granular flows. The oblique collision between a
particle and a flat wall is analyzed by adopting the classic rigid-body theory and a more realistic semianalytical model.
Based on the kinetic granular theory, the input parameter for the partial-slip boundary conditions, specularity coefficient,
which is not measurable in experiments, is then interpreted as a function of the particle-wall restitution coefficient, the
frictional coefficient, and the normalized slip velocity at the wall. An analytical expression for the specularity coefficient is
suggested for a flat, frictional surface with a low frictional coefficient. The procedure for determining the specularity
coefficient for a more general problem is outlined, and a working approximation is provided. Published 2011 American

Institute of Chemical Engineers 58: 2058-2068, 2012
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Introduction

Gas-solids flows are involved in numerous industrial proc-
esses, including energy production and chemical, pharmaceu-
tical, food, and agricultural processing. To optimize the
design and operation of industrial processes, a thorough
understanding of associated gas-solids flows is needed. With
the fast development of high-speed computers and computa-
tional algorithms, computational fluid dynamics (CFD) mod-
eling has become an important tool to help achieve this goal.

The Eulerian-Eulerian model, also known as two-fluid
model, has been widely used to simulate gas-solids flows in
various systems. In the Eulerian-Eulerian approach, each
phase is treated as an interpenetrating continuum. The con-
servation equations of mass, momentum, and energy for both
the particulate and the fluid phases are derived. So far, the
governing equations for the solids phase are mostly closed
by the kinetic granular theory, which assumes that the ran-
dom motion of particles is analogous to the motion of mole-
cules in a gas." A granular temperature proportional to the
mean square of the random particle velocity is then defined
to model the fluctuating energy of the solids phase. Validity
of the constitutive correlations based on the kinetic granular
theory has been generally accepted. In addition to the valid
constitutive closures, appropriate boundary conditions are
crucial to the quantitative prediction of granular flows.
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Boundary conditions for the granular flows of smooth,
frictionless disks, and spheres have been derived for a
bumpy wall composed of attached disks and spheres.z‘4
However, friction, one important factor affecting the transfer
of momentum and energy at boundaries, was ignored in
these boundary conditions. Jenkins® derived boundary condi-
tions at a flat, frictional wall based on a model of collision
that distinguishes between sticking and sliding collisions. By
using a simple velocity distribution function to integrate the
impulse and change in fluctuation energy over all possible
collisions, he calculated the analytical expressions for the
collisional exchange of momentum and fluctuation energy
between particles and a wall in two asymptotic circumstan-
ces—the small-friction/all-sliding limit and the large-friction/
no-sliding limit. Jenkins and Louge6 lately improved those
boundary conditions by refining the calculation of flux of
fluctuation energy at the wall. It was suggested that the
appropriate boundary conditions could be found by interpo-
lating between two limits. Jenkins’ further outlined the deri-
vation of boundary conditions for granular flows of frictional
spheres at a bumpy, frictional wall with either cylindrical or
spherical bumps. Xu®’ then extended the boundary condi-
tions for a frictional, bumpy boundary over a large range of
slip velocities and gave the analytical expressions for two-
dimensional disk flows. In these boundary conditions, mate-
rial properties, including the coefficient of friction and the
normal and tangential particle-wall restitution coefficients,
are needed. However, these data are not abundant in the lit-
erature, especially for the tangential particle-wall restitution
coefficient based on the precollision and postcollision veloc-
ities at the contact point. The tangential restitution
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Figure 1. Schematic of particle-wall collision.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

coefficient referring to the motion of the center of the sphere
reported in most measurements cannot be directly used for
the boundary conditions.'®™"* In addition, it is not straight-
forward to interpolate between the two limits given by
Jenkins."?

Johnson and Jackson'* incorporated friction into the
boundary conditions in a heuristic way by considering a
boundary at which some particles collide and the rest slide.
The momentum and energy transfer due to the colliding par-
ticles was characterized by a coefficient of specularity, and
that of the sliding particles was depicted by Coulomb fric-
tion. This boundary condition has been widely applied in nu-
merical simulations of gas-solids flows due to its relatively
simple form. In Johnson and Jackson boundary conditions,
the specularity coefficient must be specified to characterize
the tangential momentum transfer due to collisions, for
which the directly experimental measurement is not feasi-
ble.'® Different specularity coefficients have been adopted in
the literature with high values (~ 0.5) most common in sim-
ulating bubbling fluidized beds, whereas low values were
applied to circulating fluidized bed simulations.'® It has been
demonstrated that the flow field is very sensitive to the
choice of specularity coefficient.'>16-19 Choosing the right
number is critical for most validation studies as the wall
effect is believed to be more important for small-scale labo-
ratory systems than large-scale industrial plants. One way to
specify the specularity coefficient is to adjust this parameter
to fit some experimental data. However, this is unlikely to
be feasible for large-scale fluidized bed simulations where
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A PE collision v, =5mm/s
Fitted

* 2tano_J(1+e, ) |
Figure 2. Numerical data on variation of f/u with the
normalized impact angle from Wu et al.
(2009) for EE and PE collisions and the fitted
curve by Eq. 21.
[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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Figure 3. Variation of the non-dimensional rebound tan-
gential surface velocity at contact patch with the
normalized impact angle for oblique particle-
wall contact with different initial particle spins
(cni = 0.5m/s,v =0.3, u =0.35, and e, =1).

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

the experimental measurements tend to be very limited and
the computation is highly time-consuming.

A recent numerical study of gas mixing in a tall narrow
fluidized bed operated under the slugging fluidization regime
indicated that the specularity coefficient might be affected
by the superficial gas velocity, in addition to particle and
wall properties,17 suggesting that the specularity coefficient
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Figure 4. Variation of the tangential restitution coefficient
with the impact angle (a) without initial spin, (b)
with initial spin. (Vertical lines indicate transition
between sliding and non-sliding collisions).

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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Figure 5. Variation of the tangential restitution coeffi-
cient with the impact angles for sphere-on-
flat collisions with an initial spin of 80 rad/s
in different directions (a) forward initial spin,
(b) backward initial spin.

Note that in regions where the dashed line lies beneath
the solid line, it becomes invisible. [Color figure can

be viewed in the online issue, which is available at
wileyonlinelibrary.com.]

fitted with certain experimental data may not work univer-
sally for the same system under different flow conditions. In
that study, a lower value of specularity coefficient for John-
son and Jackson boundary conditions tends to yield the bet-
ter agreement between numerical prediction and experimen-
tal data as the superficial gas velocity increased. In-depth
study is required to clarify the relationship between specular-
ity coefficient and flow conditions, wall roughness, and parti-
cle shape.

In this article, we will discuss some limitations of
specularity coefficient in modeling interactions between the
granular flow and the frictional wall. However, considering
the wide applications of Johnson and Jackson boundary condi-
tions in CFD codes, we try to derive expressions for the spec-
ularity coefficient based on physical analysis of particle-wall
collisions. We first analyze the single particle-wall collision
with the classic rigid-body theory and a recent semianalytical
model. Expressions for the tangential restitution coefficient
are derived accordingly. On the basis of these analyses, we
revisit Johnson and Jackson boundary conditions for granular
flows and develop a model to determine the specularity coef-
ficient for a flat, frictional wall.
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Particle-wall collision

In derivation of the wall boundary conditions for granular
flows, the momentum and energy fluxes are calculated by
summing up the change in momentum and energy in a single
collision between a sphere and the boundary over all possi-
ble collisions.>'® Hence, it is natural to start with the colli-
sion between a single sphere and a flat surface.

During the collision between a spherical particle and a sta-
tionary rigid wall as schematically shown in Figure 1, the
wall exerts an impulse J to the sphere. Before the collision,
the sphere has translational velocity ¢;, angular velocity w;,
and an impact angle of 0;. The corresponding postcollision
velocities are ¢, and w,. The velocities before and after col-
lision are related by

me, —¢;) =J (1)

T
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e Wu et al.'s model
Rigid-body theory
|— — — — Sliding approximation
,| = =—-—- Non-sliding approximation
107 =3 107 10
r
(a)

------------------------ Wu et al.'s model
Rigid-body theory
Sliding approximation

| INon-slliding approxirpation
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Figure 6. Variation of the effective specularity coeffi-
cient predicted by different models (a) effect
of the frictional coefficient, e,=0.9, x=0.1,
0.2, 0.3, and 0.4; (b) effect of the normal parti-
cle-wall restitution coefficient, 1=0.3, e,=0.5,
0.7, 0.9, and 1.0.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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Figure 7. Variation of the effective specularity coeffi-
cient with k for small values of r (numerical
integration based on the rigid-body theory).

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary. com.]
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R =-nxJ-—M; 2)

where n is the normal vector of wall, I = 2mR2/5 is the
moment of inertia of the sphere, m is the mass of the spherical
particle, R is the radius of the sphere, and M, comes from the
rolling friction.®® In the following analyses, we neglect
the effect of rolling friction to simplify the analysis as the
influence of rolling resistance on the impact properties of a
sphere is negligible.?'

The normal and tangential translational velocities before
and after collision are written as

Cni = (¢ -m)n 3
Cti = Ci — Cnji “
Cor = (¢ m)n Q)
Ctr = Cr — Cnyr (6)

with subscripts n and t standing for normal and tangential
components, and i and r denoting the incident and rebound
velocities. The precollision and postcollision velocities at the
contact point are

¢ =¢ — Rw; xn (@)

¢ =¢ —Rw, Xn ®)

Introducing the normal and tangential impulses, J, and Ji,
Egs. 1 and 2 can be rewritten as

m(Car — Cai) = Jn ©)
m(cer — ¢i) = J (10)

1 r — i

% = —nxJ; (1)

In the literature, the following parameters are usually
defined to characterize an oblique collision.
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€n = _cn,r/cn,i (12)
e = Ct,r/ct,i (13)
I =13d/1Inl (14)

where e, e, and f are the normal and tangential restitution
coefficients and the impulse ratio, respectively. The velocity at
the center of mass is used to define the restitution coefficients
for both normal and tangential directions. Hence, e, and e, can
be used to measure the recovery of translational kinetic energy
in normal and tangential directions after the collision. It should
be noted that the restitution coefficients defined here are
different from those defined in some experimental measure-
ments*? which were based on the precollision and postcollision
velocities at the contact point.

Generally, both normal and tangential restitution coeffi-
cients are affected by the initial velocity and the impact
angle. For example, the normal restitution coefficient
decreases with the increase of impact Velocity.23’24 However,
it is usually safe to assume the normal restitution coefficient
constant, given the range of impact velocity is not too wide.
This assumption is used in the following analysis to derive
the tangential restitution coefficient based on the classical
rigid-body theory, many aspects of which have been shown
valid for practical impacts with small elastic deformations.'”

Rigid-body Theory

The rigid-body analysis is based on the concepts of
impulse and momentum and excludes details of the transient
forces and deformation occurring during the collision.
According to the rigid-body theory, only two possible
rebound behaviors correspond to sliding and non-sliding col-
lision processes for a rigid spherical body colliding with the
wall. For a nonsliding collision, relative displacement of the
contact point does not occur so that the sphere is rolling on
the surface during the contact, that is, ¢, = 0. The condition
for a nonsliding collision is given as®

T
|6 <5ul + en)|ni (15)

where pu is the coefficient of friction. The postcollision
velocities can be calculated as

—Numerical integration
- Fitted curve

0.001

0.05 0.5 5
F

Figure 8. Variation of the effective specularity coeffi-
cient predicted by the rigid-body theory for
different values of k.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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5 2
Cir = ?ct,i +7Rmi X n (16)
mr:ﬁnxct«,i+7wi a7

Clearly, the tangential restitution coefficient is dependent
on the initial spin for a nonsliding collision.

The sliding collision is described by Coulomb friction
theory, that is, f = u. Hence, it can be derived from Egs. 9—
11 that

Cor = ¢ — u(1 +en)}cnﬁi’% (18)
t,i

S (19)

’Ct‘i |

In the following discussion, we assume ® x (n xt) =0
to simplify the analyses. With this assumption, the move-
ment of the particle center of mass is confined in a plane
normal to the wall. By choosing a right-handed coordinate

= +i,u(1 +e,)|enijn X
@ 2R
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with n, t, and w, the tangential restitution coefficient can be
obtained based on Eqs. 16 and 18.

o — {§+%1§f’ ‘Ct,i — Rwi’ < %,u(l +en)cni
1 —sign(c;; — Row;)u(1 + e,) cotO;  otherwise

(20)

The tangential restitution coefficient predicted by the
rigid-body theory works reasonably well for the sliding colli-
sion but is unable to capture the rolling collision for sphere-
on-flat collisions with small impact angles.m’”’26 This is
because the rigid body analysis fails to include the material
properties, the contact deformation, and the tangential, elas-
tic compliance of the contact surfaces.'®

Model of Wu et al.

Oblique collisions usually involve plastic deformation and
microslip at the contact surfaces. The associated complicated
mechanics at the microscale makes predictions of appropri-
ate macroscopic collision characteristics difficult. Numerous
attempts have been reported to include complex contact
mechanics. Maw et al.**** developed a solution for the
oblique impact of an elastic sphere on a half-space following
Hertz theory. They showed, both theoretically and experi-
mentally, that the tangential elastic compliance of the con-
tact surfaces due to friction significantly affected the rebound
kinematics for nonsliding collisions. Based on a linear model
of the contact mechanics, Di Maio and Di Renzo®’ devel-
oped an analytical solution for the oblique frictional-elastic
impact of two particles and of one particle with a flat wall.
Kruggel-Emden et al.®® further extended the analytical solu-
tion of a spherical particle with a wall in the framework of a
linear viscoelastic normal and a frictional-elastic tangential
model. A semianalytical model for oblique impacts of elasto-
plastic spheres was developed by Wu et al.?® to predict the
rebound kinematics based on finite element analysis (FEA).

Here, we follow the semianalytical model by Wu et al?® to
further the study on oblique particle-wall impacts. In model of
Wu et al., oblique collisions were classified into two regimes,
namely, persistent sliding collision and nonpersistent sliding
collision, which are similar to the sliding and nonsliding colli-
sions in the rigid-body analysis. For both regimes, expressions
for the variation of impulse ratio with incidence angle were
derived. Specifically, it was demonstrated that for a nonpersis-
tent sliding collision, the rebound kinematics depend on Pois-
son’s ratio and the normal restitution coefficient. An empirical
correlation in the form of hyperbolic function with four param-
eters was used to fit the numerical data, which presents good
accuracy and robustness in comparison to FEA results and ex-
perimental data published in the literature.”® For a Poisson’s
ratio of 0.3, which is the typical value for most solids, the nu-
merical data by Wu et al. for a 20-um sphere colliding with a
flat substrate are used to fit the impulse ratio. Figure 2 shows
the numerical data on impulse ratio for collisions between an
elastic sphere and an elastic substrate (elastic-elastic (EE) col-
lision) and collisions between an elastoplastic sphere and an
elastic substrate (plastic-elastic (PE) collision). The fitted curve
shown in Figure 2 is given by the following equation

Fli= { —0.0074y° +0.0563y> + 0.094)  0<th <t
1 lﬁ Z lpcrit
21
where 1 is the normalized angle at the contact patch, defined by
Y = 2tan0 /(1 + e,)p with 0; the incident angle of the contact
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patch. The critical normalized impact angle, /., beyond which
the sliding occurs throughout contact is given by

Vere = (T = 1) /x¢ 22

where i represents the ratio of initial tangential contact
stiffness to the normal contact stiffness calculated from
Poisson’s ratio, v, and is given by

~2(1—-v)
K= (23)

Equation 21 differs from the expression used by Wu
et al.”® but yields similar accuracy. A polynomial expression
is used here instead of the hyperbolic tangent function to
facilitate the integration when deriving the boundary condi-
tions for granular flows. The current correlation agrees with
the experimental data and FEA results in the literature.?®

By knowing the impulse ratio, the complete rebound kine-
matics can be obtained. For example, we can get

e =1 —sign(y)(f/p) (1 + eq)ucot 0 (24)
Wer =y — Tsign(y)(f/ 1) (25)

where W, is the dimensionless rebound tangential surface
velocity at the contact patch introduced by Wu et al.%% as

2(?[,1—

chr =71 N
(1 + en),ufcn,i

(26)

Wu et al.*® indicated that the semi-analytical model works
reasonably well for the particle-wall impact with initial in-
plane spin. To extend Eq. 21 for y < 0, which is usually
encountered in collisions with initial spin, f/u is assumed to be
an even function of y because the contact forces depend on
the relative velocity at the contact surfaces. Consequently, ¥«
must be an odd function of ¥ for an oblique impact with ini-
tial spin. Figure 3 presents the numerical data of DEM simula-
tions on oblique impacts of a sphere with a plane surface with
different initial angular velocities in terms of normalized
impact parameters 1/ and W,.”” Data sets for oblique impacts
with different initial angular velocities collapse into one master
curve showing a rotational symmetry with respect to 0. The
curve based on Eq. 25 by using Eq. 21 for f/u is superimposed
in Figure 3. The agreement between the curve and the numeri-
cal data of the discrete element method (DEM) simulation
confirms the applicability of the model of Wu et al. for parti-
cle-wall impacts with initial in-plane spin.

Effect of Particle Spin

In granular flows, angular velocity of the particle is not zero
due to shearing effect and oblique inter-particle and particle-
wall collisions. However, not many experimental data are
available in the open literature for oblique collisions between a
sphere and a flat surface with initial spin. Dong and Moys'?
measured collisions between a 44.5-mm steel ball and a steel
flat surface with and without initial spin. Results on normal
and tangential restitution coefficients, impulse ratio, angular
velocity, and rebound angle of the contact point were reported.
They demonstrated that the collision with pre-impact spin did
not comply with the model by Maw et al.*® Similarly, Thorn-
ton’' concluded that the normalized impact parameters of
Maw et al.>**** were not appropriate for oblique impacts with
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initial particle spin. Both rigid-body analysis (Eq. 20) and the
model of Wu et al. (Eq. 24) indicate that the initial spin of the
particle affects the tangential momentum exchange. The pre-
collision angular velocity alters when and in which direction
the sliding takes place. Figure 4 presents variations of the tan-
gential restitution coefficient with the impact angle with and
without initial spin predicted by the rigid-body theory and the
model of Wu et al. For a particle with zero initial spin as
shown in Figure 4(a), the tangential restitution coefficient
becomes a constant of 5/7, according to the rigid-body theory.
However, many studies have shown that the tangential restitu-
tion coefficient varies with the impact angle for non-sliding
collisions. With this respect, the model by Wu et al. predicts
more realistic results, which are consistent with experimental
measurements. For impacts with spin before collision in Figure
4(b), both models predict similar trends of the tangential resti-
tution coefficient. In Figure 4, the critical impact angles indi-
cating the transition between sliding and nonsliding are shown
for different angular velocities. Compared to impacts with zero
initial spin, the precollision angular velocity affects the post-
collision kinematics profoundly in the nonsliding regime. In
the sliding regime, the initial spin does not affect the tangen-
tial restitution coefficient.

Figure 5 compares Eqgs. 20 and 24 to experimental meas-
urements on the tangential restitution coefficient of oblique
impacts of a sphere with initial spin by Dong and Moys.'?
For the 44.5-mm steel ball dropped onto an inclined steel sur-
face with a forward initial spin of about 80 rad/s, the ball
slides at the contact point throughout. Both equations predict
an identical profile. Agreement between the experimental
measurements and predictions is shown in Figure 5(a). For
low-impact angles, the incident and rebounded traces of par-
ticles are on the same side of the normal line of the contact
surface, leading to a negative tangential restitution coefficient
which cannot be observed for the impact with zero initial
spin. In Figure 5(b), the backward initial spin hinders sliding
of the contact point, so the nonsliding collision usually occurs.
For collisions with small impact angles, the tangential restitu-
tion coefficient exceeds the unit and increases as the impact
angles decrease, because of the initial spin. Again, both the
rigid-body theory and the model of Wu et al. predict this
trend reasonably well, though both equations slightly overpre-
dict the tangential restitution coefficients. It should be noted
that we only consider an in-plane spin in our current analysis.
Impact with an arbitrary angular velocity is more complicated
and beyond the scope of this study.

Revisiting Johnson and Jackson Boundary Condition

Johnson and Jackson'® developed the boundary conditions
for granular flows by equating the tangential force per unit
area exerted on the boundary by the flowing particles to the
corresponding stress within the particles flow approaching
the boundary. The force exerted on the boundary by particles
is the sum of collisional and frictional contributions during
collisions. Hence, the following condition is derived for the
slip velocity at the wall.

Uy - (O'c + O'f) -n ¢ \% 3@7‘Cpp06p|ll51‘
‘uS1| 60€p,max |:1 — (O(p/OCp,max)l/3:|

+ Netand =0

@7

The first term on the left side of Eq. 27 denotes the stress
in the solids flow on approaching the wall. Here, uy is the
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slip velocity between the particles and the wall, o. and oy
are collisional and frictional stress tensors, respectively, and
n is the unit normal vector of the wall. The second term
stands for the rate of tangential momentum transfer to the
wall by particle-wall collisions, which is the product of the
collision frequency for each particle, v/3®/s, the average
tangential momentum transferred per collision, q’)ppndgusl /6,
and the number of particles adjacent to unit area of the wall,
1/a.. Here, s denotes the average distance between the wall
and an adjacent particle, estimated by s = d,[(0tpmax/
ocp)l/ - 1], a. is the average boundary area per particle read
as a, = dg(ocpﬁmax / ocp)z/ 3 and ¢ is the specularity coefficient.
pp is the density of the solid material, d, is the particle di-
ameter, © is the granular temperature, o, is the solid’s vol-
ume fraction, and o, .« is the solid’s volume fraction at a
closely random packing state. The third term on the left side
of Eq. 27 is the stress due to sliding particles, which is
obtained by applying Coulomb’s law of friction to the par-
ticles sliding over the surface. Ny is the normal frictional
component of stress, that is, the frictional pressure, and J is
the angle of friction between the surface and the particles.
For the fluctuation energy (or granular energy), Johnson
and Jackson'* derived the following boundary condition
—n-qpr =D+uy-S (28)
where qpr is the flux of fluctuation energy and D is the rate of
dissipation of fluctuation energy due to inelastic particle-wall
collisions expressed as

V30 1

1
D=-np,d®(1 —e3)
4" Fp%p d, [(%‘max/%)m _ ]} dg(ap’max/%)m

(29)

where e,, is the normal restitution coefficient of particle-wall
collisions, which is equivalent to e, in the previous analyses
for single particle-wall collision. Sj, is the force per unit area
on the wall due to particle-wall collisions given by

$V301p, 00 |ug|

S = 6%p,max [1 - (“p/“p,ma")m}

(30)

In most numerical simulations, an ad hoc patching
approach suggested by Savage®® is used to unify the avail-
able models for the rapid flow regime dominated by the
interparticle collision and the quasi-static regime dominated
by the surface friction. Frictional stress comes into play only
at high solids concentration, usually about 0.5. For this rea-
son, the below equation is commonly used for the slip veloc-
ity together with Eq. 28 for granular energy at the wall.

Uy -C.-Nn $V3Omp, o |uy|

=0 (€20
|usl| 60(p,max I:l - (OCp/(xp_max)l/31|

Interpretation of Specularity Coefficient

In the above boundary conditions, the specularity coeffi-
cient ¢ is defined to be the average fraction of relative tan-
gential momentum transferred in a particle-boundary colli-
sion. The specularity coefficient was first introduced by Hui
et al.'"® to measure the fraction of collisions that transfer a
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significant amount of lateral momentum to the wall. With
this parameter, the average tangential momentum transferred
per collision is written as

M, = pp,ndiug / 6 (32)

According to Johnson and Jackson,'* its value depends on
the large-scale roughness of the surface and varies between
zero for perfectly specular collisions and unity for perfectly
diffuse collisions. For large-scale roughness with the wave-
length and amplitude comparable to the particle size, ¢ will
be large. To obtain the value of ¢, Hui et al."” recommended
that the tangential velocity changes should be measured for a
large number of collisions with different impact velocities and
impact angles on a representative section of the wall. How-
ever, no such measurement has been reported in the literature.
In addition, it will be demonstrated that the specularity coeffi-
cient is closely related to both the flow conditions and the
wall properties and cannot be determined independently.

For a flat, frictional wall, the measurement suggested by
Hui et al."> can be done numerically by assuming certain
particle velocity distribution close to the wall. The tangential
momentum transferred to a frictional flat surface due to the
particle-wall collision can be expressed as

My = (1 — e)p,ndiei/6 (33)

Assuming in-plane rotation of the particle, we can calcu-
late the tangential momentum transfer based on the rigid-
body analysis as

sznldg (ct,i — Rwl)t |C[Ai — Rwl} S %/.l(l -+ en)cn‘i
Mt,w =

pprd p(1+en)cnj
6

sign(cy; — Roy) t otherwise

(34)

To obtain the final form of the mean momentum trans-
ferred to the wall due to collisions, an appropriate particle
velocity distribution function for granular flows in the near
wall region is needed to conduct the integration as discussed
by Jenkins.” According to the kinetic theory, the frequency
distribution of velocities f{t, r, ¢) of particles is a function of
time ¢, position r, and instantaneous velocity c¢. The average
value < { > of a quantity ( is defined to be

<{>= %/Cf(t7 r,c)dc (35)
where N is the number of particles per unit volume at 7 and r.
Similar to Jenkins and Louge,6 the isotropic Maxwellian
distribution is used, noting that it has been shown the leading-
order distribution for gravity-driven Poiseuille granular flow.>
The isotropic Maxwellian velocity distribution used to carry
out the average is

N (c —u)’
fltre) = Wexp (— 2®>

where u is the mean velocity of particles. The granular
temperature ®, which describes the kinetic energy associated
with the particle fluctuation, is defined as

(36)

®:%<(c—u)2 > (37)
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Equation 36 can be written as

2
€)= (- 35) = NFCIF(C)FC) ¥

where C = c—u, C°=C+C;+C? and F(C)=
r @), —Lexp(5y 29) The deviation of velocity distribution func-

tion from the Maxwellian distribution has been generally
acknowledged and extensively studied through theory, simula-
tion, and experiment for a driven granular flow. Unfortunately,
the form of the velocity distribution function differs, and it
remains an open question.’>>® Therefore, the Maxwellian
distribution function is adopted in the following analysis.

The mean particle flow is treated as two-dimensional, with
x and y representing directions normal to the wall and along
the flow. Limited by the previous analysis on single particle-
wall collision, the mean particle angular velocity o is in z
direction only, with z being the third dimension normal to
the x—y plane. Further ignoring the fluctuation in angular ve-
locity, the mean tangential momentum transferred to a fric-
tional flat surface can be calculated as

_ 1p7'cd -
_ 2 I e ) 2
My = /F(C )M wdC =N "7 / / / f C

—00 —OQ0

(usl —Rw—l—C ‘\/ usl—Rw+C) +C? %,u(l +e,)Cy

otherwise
x dC.dCydC (39)

sign (uy — R 4 C,) i) ¢,

Introducing k = %,u(l +e,), u = uy — Rw with @ denoting
the mean angular velocity and an approximation of

\/(usl —Ro + Cy)2 +C? = |ug —Rw + Cy|, Eq. 39 can be

expanded as
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ool O/F(Cx)m(—exp(—2® )
21 11

2
“+exp( — M))d@
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(40)
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An effective specularity coefficient, ¢)’, can be calculated as

¢ = 6Mey, [ pymdiu 4D

Unfortunately, we are only able to derive an approximated
analytical expression for the effective specularity coefficient
from the above integration for £ < 1 as outlined in Appen-
dix A. The effective specularity coefficient is a function of
and r only, with r =u/ V30, a normalized slip velocity at
the wall characterizing the mean impact angle of particles.
The same conclusion can be obtained for £ > 1, where we
have to rely on the numerical integration. A similar procedure
can be applied to the tangential restitution coefficient derived
based on the model of Wu et al. given in Eq. 24, which yields
a similar result with slightly quantitative differences. Because
k is dependent on both e, and u, Figure 6 compares the effec-
tive specularity coefficients predicted by both models for dif-
ferent particle-wall restitution coefficients and frictional coeffi-
cients. For comparison, the effective specularity coefficients
predicted by assuming all collisions are sliding or non-sliding
are shown in the figure as dashed lines.

As shown in Figure 6, the effective specularity coefficient
increases as the normal particle-wall restitution coefficient and
the wall frictional coefficient increase. For large r with high
normalized slip velocity, the effective specularity coefficient is
identical to the all-sliding approximation. For low values of r,
most collisions are nonsliding, and the effective specularity
coefficient approaches the limit of 1/7 predicted by the non-
sliding assumption according to the rigid-body theory as the
frictional coefficient increases. The predictions based on the
model of Wu et al. are very similar to that by the rigid-body
theory, with the difference mainly at low values of r. The dif-
ference between them increases with the frictional coefficient
and the restitution coefficient. Overall, the difference is less
than 20% for p < 1, encountered in most applications. In
addition, Figure 6 indicates that the effective specularity coeffi-
cient is more sensitive to the frictional coefficient than the nor-
mal particle-wall restitution coefficient.

For a given problem with a specified normal particle-wall
restitution coefficient and frictional coefficient, the depend-
ence of the effective specularity coefficient on flow behavior
can be obtained through numerical integration. Alternatively,
the following analytical expression based on the rigid-body
theory can be used for low particle-wall friction with £ < 1.

;o 1 3r? ) 5 5
¢ = 105\/§E3/2r{26xp( 3 VeV 3mr(15 + 5k°(—4 + 3r7)

+3K4(6 — 1177 + 3r*)) + 15V2n <erf(\/§r)k

3r? 3
~ +r2k2) <\/_k2 kr)) }(42)

Unfortunately, k is greater than the unit in most circum-
stances. A working expression can be obtained by simply fit-
ting the numerical integration data based on the rigid-body
theory.

1
‘m“"(

7@(‘1’0) 4k

_ VP Po) o< Ak

o = rdy TS 43)
: f& otherwise
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where (j)'o is the value of ¢’ when r goes to zero, which can be
approximated through the numerical integration by setting a
small value for r. Figure 7 shows the variation of the effective
specularity coefficient based on the rigid-body theory, with k
for r = 0.01, 0.001, and 0.0001. It can be seen from the figure
that all curves collapse into one single line which can be used
to approximate qbg. For the range of ke(0,10) of practical
interest, an equation for approximation of qbg is obtained by
curve fitting.

¢}y = —0.0012596 + 0.1064551k — 0.04281476k
+0.0097594%> — 0.0012508258k* + 0.0000836983%>
— 0.00000226955k5 ~ (44)

By using the approximation of (f){) given in Eq. 44, the fitted
curves of the effective specularity coefficient based on Eq. 43 are
compared against the data through numerical integration in Fig-
ure 8. The simple fitted curves show good accuracy for the range
of k of practical interest. It is recommended that Eq. 43 should be
used instead of Eq. 42 for most granular flow simulations.

To get the final value of specularity coefficient for the
Johnson and Jackson’s boundary conditions, we have to intro-
duce some assumptions on the mean angular velocity of the
particles. Unfortunately, little knowledge has been obtained
on particle rotations in granular flows. One can simply ignore
the angular velocity of particles so that the specularity coeffi-
cient equals the effective specularity coefficient. Alterna-
tively, the mean angular velocity of the spheres can be
assumed equal to the angular velocity of the mean flow.’

w _lausl
2 0n

(45)

This is only a rough assumption, as no more appropriate
theory is available for predicting the mean spin of particles
at the boundary,’” noting that particles can spin due to
oblique collisions. Then the specularity coefficient is read as

R 61451 ’

¢ = (1 2ug On >¢ (46)

The previous analysis gives the expression for the specu-
larity coefficient, which can be used in Johnson and Jack-
son’s boundary conditions for a flat wall without an explicit
consideration of the wall roughness. However, the boundary
condition should account for the wall roughness, as it con-
siderably alters the collision process and the collision fre-
quency.25 A stochastic approach was developed to include
the wall roughness effect on wall collisions in the Lagran-
gian modeling of particle flows.*>*® In that model, the wall
roughness is accounted by assuming that the impact angle is
composed of the trajectory angle with respect to the plane
wall and a stochastic component caused by the wall rough-
ness. However, it is difficult to incorporate such a model
into the boundary conditions for two-fluid model, as the indi-
vidual collisional angle is not tracked. On the other hand,
the frictional coefficient is a material property dependent on
the surface properties, including asperities and roughness.
Hence, the small-scale roughness can be included in the fric-
tional coefficient measured in experiments, for example, with
the method outlined by Li et al.*® This is considered reason-
ably accurate for a surface with well-controlled roughness. For
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large-scale roughness, one might use the boundary conditions
developed for a bumpy boundary’* or simply use a large value
for ¢. During the derivation of expression for the specularity
coefficient, we focus only on the momentum transfer between
particles and the wall. Hence, its accuracy when apply to the
boundary condition for the fluctuation energy needs further
investigation, which will be addressed in future studies.

Comparison with Jenkins’ theory and Louge’s data

It should be noted that no previous measurement or analy-
sis was reported on the specularity coefficient. To verify the
above analysis, the ratio between the magnitudes N and S of
the normal and tangential components of the force per unit
area applied by the granular flow to the wall is compared
with the previous study by Jenkins® as well as the numerical
results from particle simulations by Louge.37

Jenkins® derived the boundary conditions at a flat, frictional
wall based upon a model of collision that distinguishes
between sticking and sliding collisions. He obtained analytical
expressions for collisional exchange of momentum and fluctua-
tion energy between particles and the wall in two asymptotic
circumstances—the small-friction/all-sliding limit and the
large-friction/no-sliding limit. In the small-frication/all sliding
limit, the ratio of shear stress S to the normal stress N is

S/N=u 47)
In the large-friction/no-sliding limit, the ratio is

31+ By
71+ e,

S/N = r (48)

where 0 < f; < 1 is the tangential restitution coefficient based
on precollision and postcollision velocity at the contact point.

Louge®” used computer simulations to test Jenkins’s
theory for the interaction between a rapid granular flow and
a flat, frictional wall. Detailed numerical data on the flow-
wall interaction were reported over a wide range of colli-
sional properties for the wall and the flow particles. Figure 9
compares the stress ratios predicted by the current study
with those of Jenkins’s theory and Louge’s particle simula-
tions. For convenience, the plots are shown in the form of a
normalized stress ratio, R = %HEO 3. This study shows rea-
sonable consistency with Jenkins” theory and Louge’s data.
Predictions based on both rigid-body analysis and model of
Wu et al. agree with the data of particle simulations for
large values of r. For small normalized slip velocities, the
difference between the current study and Louge’s data can
be caused by different reasons, including isotropic assump-
tion on granular temperature, ignorance of spin temperature,
and the simple Maxwellian velocity distribution used in the
analysis. It should be noted that better agreement between
rigid-body analysis and Louge’s data rather than the model
of Wu et al. is due to the fact that the hard-sphere discrete
particle simulations were conducted with a simple particle-
wall collision model, which is essentially the rigid-body
theory when fi, = 0. However, the results based on the
model of Wu et al. are considered more accurate, as the
rigid-body theory fails to include the tangential, elastic
compliance of the contact surfaces, provided a proper
velocity distribution function is used. Toward this end, soft-
sphere DEM simulations with accurate physical models on
the particle-wall interaction are needed for the development
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of appropriate particle velocity distribution and verification
of the current study.

Summary and Conclusions

In this work, we revisit the boundary conditions for granu-
lar flows developed by Johnson and Jackson.'* By adopting
the classic rigid-body theory and the more realistic model of
Wu et al. for the particle-wall collision, dependence of the
specularity coefficient on properties of particle-wall collision
and flow behavior is determined by using the isotropic Max-
wellian velocity distribution. Only the normal particle-wall
restitution coefficient and wall frictional coefficient are
needed as inputs for the Johnson and Jackson boundary con-
ditions. An analytical expression for the specularity coeffi-
cient is suggested for a flat, frictional surface with a low
frictional coefficient. A working expression for the specular-
ity coefficient is provided for a general problem based on
the numerical integration.
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Notation

= translational velocity

fluctuating velocity

diameter

restitution coefficient

impulse ratio

moment of inertia

impulse

%ﬂ(l +en)

mass of particle

momentum

normal wall vector

particle number density or normal stress
flux

normalized slip velocity

= position

particle radius

N
2T+p, N

shear stress

= time

tangential wall vector
= velocity

Ern @D~ 2 Z8 R e~ aloe
Il

Greek symbols

= volume fraction

= tangential restitution coefficient at contact point
= stress tensor

= specularity coefficient
effective specularity coefficient
= normalized impact angle

= Poisson’s ratio

= density

= frictional coefficient

= impact angle

= granular temperature

= mean angular velocity

= angular velocity

Ee8 Qo =S q >

Subscripts

= incident

= normal component

= reflective or rotational
= particle

= tangential component
wall
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Appendix A
For part II in Eq. 40, we have

142 KU
I =— Oexp( — 55156 Jerf( \/26)1;2“@) (A1)
V2r /(1 + k)©

Unfortunately, no analytical expression can be derived for
parts [ and III. One way to do the calculation is to expand
the error function with respect to k
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Figure A1. Effective specularity coefficient predicted by

the approximated analytical Eq. 53 and numeri-
cal integration for k =0.1, 0.5, 0.8, and 0.95.

Finally, we get
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By introducing r = u/v/30, the effective specularity coef-
ficient, ¢’ = 6M;,,/ ppnd;u, is only a function of r and %.
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Equation AS works reasonably well for £ < 1 as shown in
Figure Al, where the predictive values of the effective spec-
ularity coefficient are compared to the numerical integration
for different values of k. The deviation of Eq. A5 from the
numerical integration is mainly within the range where a
non-sliding particle-wall collision usually occurs, and it
increases with k. For k close to the unit or k£ > 1, that is,
where the frictional coefficient exceeds 0.14 for nearly elas-
tic particle-wall collisions, using the fitted curve to predict
the effective specularity coefficient is recommended.

Manuscript received Apr. 7, 2011 and revision received June 13, 2011.

2068 DOI 10.1002/aic

Published on behalf of the AIChE

July 2012 Vol. 58, No. 7 AIChE Journal



